
Lecture 2

• Mathematical description of stochastic processes.

• Allan deviation

• From spectral representation of fluctuations to time 

representation.

• Spectral density and Allan deviation of different 

fluctuation types.

Nikolai Kolachevsky



Oscillator with amplitude/phase fluctuations

Normalized phase and frequency

Mean value

Dispersion



How to measure mean and dispersion?

In experiment one can only evaluate the mean value and dispersion

Stationary process: mean value and dispersion do not depend on time

By definition, the quantitative characteristics of any stochastic phenomenon is derived 

from an ensemble of atoms, e.g. in atomic gas, etc.

Very regularly it is impossible: one does not have a big number of systems (sometimes 

only one)

Ergodic process: time realization of one unit gives the same result as is an ensemble 

of units is studied
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Correlations?

For correlated data one has to take in into account covariance terms

Correlated data

Uncorrelated Correlated



Allan deviation

For non-stationary process its parameters can depend on time. E.g. if linear drift is 

present, the classical definition of dispersion gives divergent result => Allan dispersion!

Difference of neighboring measurement readings!



Example: linear drift



Typical Allan deviation plot



Autocorrelation function

Stochastic process

Autocorrelation function

Relation to dispersion



Wiener-Khinchin theorem

Autocorrelation function if a Fourier transformation 

of a power spectral density!

Dispersion:



Power spectrum of fluctuations

Units: V2/Hz, Hz2/Hz, etc.

One- and two-sided spectral density



The spectral representation

Frequency fluctuations spectral density

Relation between frequency and phase spectral densities

Frequency is the derivative of phase 

then Fourier transformation



Different types of fluctuation processes

White noise 1/f noise 1/f2 noise



Different types of fluctuation processes

and corresponding Allan deviation



From spectral representation to time representation

The Allan deviation

In the integral form



Transfer function :



Relation between power spectral density and Allan 

deviation



Example: white phase noise

Cutoff frequency fh!



Allan deviation in practice

Two hydrogen masers comparison



Allan deviations of oscillators  in the H-lab
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 FP1 vs. FP2 - 10 ms gate time
 FP1 vs. FP2 - 1 s gate time
 Maser vs. FP1 - 1 s gate time

 Maser Specification
 Maser vs. GPS - 80 days interval
 Maser vs. GPS - 5 days interval
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